This paper presents a method to analyze the dynamical behaviour of large size generators due to the magnetic pull. In rotating electrical machines, the electromagnetic radial forces acting upon rotor and stator surfaces are very large, but they are balanced when the rotor is concentric with the stator. Similarly, the tangential forces produce only an axially rotating moment. If the rotor becomes eccentric, then an imbalance of these forces occurs, so that a net radial electromagnetic force, known as Unbalanced Magnetic Pull (UMP), is developed. The models traditionally proposed in the literature to study the UMP can be considered as reliable in case of small size electrical machines supported by rolling bearings. On the contrary, in case of large size machines, such as turbo-generators supported by oil-film bearings, the approximation of circular orbit for the geometric centre of the rotor is not acceptable. Nevertheless, the authors who have dealt with UMP in big size generators have disregarded that these rotor filtered orbits are elliptical and generally the orbit centre is not concentric with the stator. A more realistic model is introduced in this work and the actual distribution of the air-gap length during the rotation will be determined in analytical terms, by taking into account the effects produced by the actual rotor orbit. The actual UMP is calculated by using the air-gap permeance approach and the simulation of the dynamical behaviour of a 320 MVA generator is presented, showing the harmonic content of the UMP and the presence of non-linearities.
INTRODUCTION
The motivation of the work arises from an industrial problem concerning two-poles turbo-generators of power plants. It is rather well known that the vibration spectrum of the generator itself has a relatively higher 2X harmonic component compared to the other parts of the shaft-line. The 2X vibrations can be caused by the radial stiffness asymmetry of the smooth two-poles generator due to the slots, by fluid-dynamics effects in the oil-film journal bearings and eventually by the magnetic pull. Moreover, some faults that could occur in generators can excite also the 2X vibrations, as in the case of cracks. This fault is not so uncommon in generators (see [1] - [4] ).
Since it is opportune to diagnose the presence of cracks in the incipient phase, the possibility to detect the 2X vibrations due to "natural" causes with respect to those due to the cracks is very important. Whilst some methods already exist in order to evaluate the effects due to the oil-film in the journal bearings and the radial asymmetry (that is however absent if the number of pole pairs is greater than one), non satisfactory models are available till now to study the magnetic pull in generators, that is due to rotor eccentricity.
Rotor eccentricity can occur in rotating electrical machines, as consequence of different causes (errors during assembly, bearings wear, bow of the shaft, etc.) or of the normal operating of a flexible machine. In rotating electrical machines, the electromagnetic radial forces acting upon rotor and stator surfaces are very large, but they are balanced when the rotor is concentric with the stator. Similarly, the tangential forces produce only an axially rotating moment.
If the rotor becomes eccentric, then an imbalance of these forces occurs, so that a net radial force is developed. This radial force, known as Unbalanced Magnetic Pull (UMP), causes vibrations and noise emission, speeds up the bearing wear and can even produce a rub between rotor and stator with a consequent damage of the stator windings.
Many researches have been addressed to this field since the 1960's, by developing specific problems or applications [5] .
The works available in literature can be distinguished according to:
• the type of eccentricity (static or dynamic),
• the type of machine (induction, synchronous, brushless with permanent magnets, etc.),
• the type of studied effect (calculation of UMP, definition of fault indicators, modelling the dynamic behaviour of the machine).
The majority of the works in literature take into consideration the induction motors [6] - [16] , mainly for two reasons: they are the most spread in industry (from small to large power) and their air-gaps are smaller than other machines (0.3-3 mm).
Recent works have been addressed to the study of eccentricity in:
• synchronous machines, which are normally used as generators of large power and can be with salient poles, with a "squat" rotor and a relative small air-gap (10-15 mm) [18] [19] , or with smooth poles, with a "slim" rotor and a larger air-gap (30-100 mm) [20] [21];
• brushless motors with permanent magnets, which are used for small power in automation and robotics and have small air-gap (0.5 mm) [23] [24] .
In this paper, the UMP in smooth poles generators is analyzed. Few papers are present in literature about these topics. In [20] a study is presented in which, despite of the fact that a 500 MVA, 3000 rpm generator is analyzed, rotor orbits are considered as circular. This can be a first approximation, since such kind of large machines are supported by oil-film bearings, whose anisotropy can hardly determine circular orbits.
Anyhow, the model presented shows that the resulting UMP has a constant component and a 2X harmonic component only.
In [21] some results presented in [13] for induction motors are used, and a simplified model with isotropic bearings (thus circular orbits) and a Jeffcott rotor is also presented. The approximate expression of the air-gap allows the authors to express the UMP in analytic closed form for different pole-pairs. Also in this case, for one pole-pair generator, the UMP has a constant component and a 2X harmonic component only. In [22] the results of [21] are used to study the stability of a 70 MVA hydro-generator, but the authors use a very simplified Euler-Bernoulli beam for the entire rotor.
The model presented in this paper introduces instead a very accurate calculation of the air-gap distribution depending on the position in a generic time instant of the rotor inside the stator. The air-gap length is then used to calculate the UMP by means of the air-gap permeance approach [13] , that allows to obtain a closed form expression for the UMP, which is function of both time and position. In this way the UMP can be considered as an external forcing system acting on the rotor.
This method is applied to a model of a 320 MVA, 3000 rpm, 3-phase generator, which is modelled by means of standard finite beam elements normally used in rotor dynamics. The UMP is calculated for all the elements of the generator model that correspond to the slotted part. The Newmark method [25] is used to integrate the non linear dynamic equations of the system. The obtained results confirm the presence of the constant (not rotating) and 2X harmonic components of force but show the presence of a 1X component and of non-linear effects too.
As an alternative to the air-gap permeance approach, the finite element method could be used to model the electromagnetic system as well, as some authors have recently proposed in a study about induction motors [17] . The just quoted paper is somewhat mirrored in comparison with ours: in this case, a finite element model is used for the electromagnetic behaviour, while a very simple Jeffcott rotor model, with only 2 degrees of freedom and non-dimensional parameters, is employed for the mechanical behaviour.
It would be extremely interesting to employ finite element modelling for both mechanical and magnetic behaviours, but the calculation would require unacceptable computational times.
Moreover, since in the real machines it is generally simpler to measure the rotor vibrations in the bearings instead of the magnetic flux, a more accurate mechanical model of the generator could be preferable for industrial applications, as it could be validated by means of the measurements of the vibrations.
UMP MODELLING
Traditional models about UMP, which deal with the problem under an electrical point of view, normally present the distinction between static eccentricity and dynamic eccentricity. Using the electrical terminology, in the first case, the position of minimum radial length of the air-gap is fixed in the space: the rotor is symmetrical with respect to its axis and rotates about it. In the second case, the position of minimum radial length of the air-gap rotates with the rotor: in case of a machine, which can be considered as rigid, the shaft axis does not coincide with the rotor axis (the rotor does not rotate about its axis).
The difference among static and dynamic eccentricity is actually relevant in case of electric motors of small to medium size in which very stiff bearing, normally rolling bearing, are used. The greater part of the available literature about UMP refers to these electric machines [9] - [16] , in which very often the rotor is squat and can be considered as rigid or operates in any case below its first critical speed. Some other studies about generators [20] [21] present the same distinction that however is not so appropriate for high-speed turbo-generators: first, these machines operate over their first critical speed, therefore are flexible and present always the so called dynamic eccentricity; second, since oil-film bearing are used, the oil-film forces determine the rotor centreline to describe a path during the run-up, therefore the rotor centreline is not statically concentric with the stator, unless a specific alignment operation is performed.
Since this paper deals with high-speed turbo-generators, we do not consider the distinction between static and dynamic eccentricity and the air-gap length distribution is determined in the general case as a function of the position of the rotor in a general time instant with respect to the stator. Moreover, the dynamical deformation of the rotor produces an air-gap distribution that is not constant along the span of the rotor. For this reason, the air-gap distribution has to be defined for each section of the machine slotted part. 
After some manipulation, first equation of eq. (5) 
Eq. (6) is a 2 nd order algebraic equation in the unknown x and has two solutions: that with + sign corresponds to intersection points for 2 π β < , like point 1 P in figure 1, while that with − sign to intersection points for 2 2 π π π β β π − < < − ∪ < ≤ , like point 2 P in figure 1. After some simplifications, co-ordinates of points 1 P and 2 P result: 
In the special case 2 π β = , the intersections { } 
and finally:
The equations of the rotor circumference 
Eq. (13) has two solutions: that with + sign corresponds to intersection points for 2 π β < , like point 3 P in figure 1, while that with − sign to intersection points for 2 2 π π π β β π − < < − ∪ < ≤ , like point 4 P in figure   1 . After some simplifications, co-ordinates of points 3 P and 4 P result simply:
For 2 π β = , the co-ordinates of points 3 P and 4 P are purely:
Finally, the air-gap length
is given by the distance between points 1 P and 3 P for 2 2 π π β β < ∪ = and between points 2 P and 4 P for 2 2 π π π β β π
The closed form of the air-gap length ( ) 
if the spatial angle satisfies the condition 2 π β < , otherwise is: 
π π π β β π − < < − ∪ < ≤ and finally is:
It is possible to show that the air-gap length ( ) (17) and (18) can be estimated by means of the approximated formula given by [20] [21] if the orbit is circular and its centre is concentric with the stator,
In order to calculate the radial force due to the UMP on a general element j-th of the rotor, once that the spatial air-gap length distribution is known with respect to the considered rotor element and the stator, the Maxwell stress tensor is used:
( ) µ is the vacuum magnetic permeability. It is generally commonly accepted that the tangential component is negligible, as done in [11] [20] [21] . This is a rather acceptable approximation only for concentric rotors. In case of eccentric rotors this is less reliable, but there are some studies, even if related to cage induction motors [7] , that suggest that is reasonable to neglect the tangential stress, providing that large eccentricities are avoided. Therefore, for simplicity it is assumed that 0 B θ = , taking also into account that the method is proposed to study the lateral vibrations of the generator and that in the finite element model used in the follow the torsional degree of freedom is neglected.
The magnetic flux r Φ that cross radially the air-gap is given by:
where M is the magnetomotive force due to the interaction of the rotor and stator magnetic fields produced by the winding currents of one pole-pair and Λ is the permeance of the magnetic circuit carrying the magnetic flux r Φ .
As first approximation, since the permeance of the air-gap is much smaller than the permeance of the rotor and stator iron core, the last is neglected in the calculation of the magnetomotive force M :
where S is any normal surface crossed by the magnetic flux. For a more accurate calculation, it could be take into account that:
• the actual length of the air-gap feels the effects of the stator and rotor slots; therefore its value, and consequently the value of the magnitude of the magnetomotive force M obtained by eq. (22) , has to be multiplied by the Carter factor 1 1.1
• the reluctance of the iron core is not completely negligible. In case of a smooth rotor machine, the iron core consists of the stator yoke, the rotor yoke and the stator and rotor teeth. The magnetomotive force needed to establish the flux in the iron core is calculated by means of the magnetization curve of the material and depends on the values assumed by the flux density in the different iron parts. The larger contribution is given by the stator and rotor teeth, because in these parts the value of flux density is considerably greater than in the air-gap (1.8÷2 times).
As well known, the magnetization curve of the ferromagnetic material shows an almost linear behaviour with high slope until a certain value of the flux density: in this part of the curve the relative magnetic permeability of the material is very high (in the order of the thousands) and consequently the reluctance of the iron core is much smaller (nearly negligible) than the reluctance of the air-gap. When the flux density exceeds that value, the magnetic saturation happens: the slope of the curve decreases so much that the relative permeability of the material assumes values comparable to the air.
So, in order to avoid the saturation in the iron teeth, it is necessary to impose the maximum value of the flux density r B in the range 0.6÷1 T, with highest values for large power machines.
On open circuit (at no-load), i.e. when the machine does not supply electric power, the magnetomotive force is due solely to the direct current of the rotor field windings and shows a sinusoidal spatial distribution around the air-gap with period twice the pole pitch τ :
where R is the mean air-gap radius and p p the number of pole-pairs. In fact, the mean air-gap length δ is small compared to the mean air-gap radius R , therefore 
where 0r I represents a rms value of the sinusoidal distribution of the direct current in the rotor slots. In any case, during both load and no-load operations, the magnetomotive force M establishing the air-gap magnetic flux r Φ can be expressed as a Fourier series: its first harmonic component has a sinusoidal spatial distribution through the air-gap with period twice the pole pitch τ and its amplitude is sinusoidally variable during the time, depending on the supply frequency s f :
( ) By considering for simplicity only the first harmonic component of the magnetomotive force per each pole, the air-gap flux density becomes:
where the ( )
is the actual air-gap length distribution calculated in eqs. (17)- (18) . By using eq. (29) in eq. (20), the Maxwell stress becomes:
The resultant forces, due to the UMP, on the considered element j-th of the rotor, in horizontal and vertical direction, are finally obtained by integrating Maxwell stress along the spatial angle of eq. (30): 
APPLICATION TO A ROTATING MACHINE
In order to evaluate the dynamical effects of the UMP in rotating machinery, the method described in the previous chapter is applied to the model of a 320 MVA smooth poles 3-phase generator with its exciter. For simplicity, only the generator model is considered and the turbine parts of the shaft line of the turbo-generator system are omitted. The considered machine operates at 3000 rpm, the supply frequency is 50 Hz (being the generator a synchronous machine) and has only one pole-pair. Due to its design, this type of generator presents polar stiffness asymmetry that can cause by itself 2X vibration component [29] [30] [31] . Anyhow this fact is not considered and modelled here in order not to mask the 2X vibration due to UMP. Bearing #1 and #2 are elliptical and equal, while bearing #3 is of tilting-pad type. The linearized coefficients employed for the simulation are calculated at the operating speed using reference [32] and are reported in table 1 (subscript x indicates horizontal direction and y vertical direction). The supporting structure is modelled by means of pedestals. The fully assembled system (rotor + bearings + foundation) mass matrix -which takes also into account the secondary effect of the rotatory inertia -, the damping matrix, the stiffness matrix -which takes also into account the shear effectand the gyroscopic matrix can be defined by means of standard Lagrange's methods for beam elements as shown e.g. in [33] , while the assembly of the total system (rotor, bearings and supporting structure) equations can be done by following the method described in [34] : figure 4) . In fact, the actual air-gap length distribution depends on the relative position between the stator and the rotor as shown in eqs. (17) and (18).
In other terms, if ξ and η are the rotor offsets, due to oil-film forces, in horizontal and vertical direction, which are considered as constant, due to the centreline path during the run-up:
where the sign + or − depends on the relative position of O′ and O′′ .
The modal analysis of the generator alone, performed at the operating speed of 3000 rpm shows that it has three eigenfrequencies below 50 Hz, namely 13.07, 39.03 and 43.62 Hz. The corresponding modes are shown in figure 5 (stiffness diameters are used for the rotor sketch).
It is worthy to note that the generator has also two other modes over 50 Hz, which could be excited by the UMP, whose eigenfrequencies are 83.21 and 100.04 Hz. Anyhow, the modal deformation at about 100 Hz is very reduced in the generator slotted part, therefore a 2X excitation due to UMP, being applied on this rotor part, is expected to be not very effective on the system response.
The external exciting force vector ( , ) t F x of eq. (34) includes the original unbalance of the rotor and the effect of the UMP. Moreover, the UMP acting on a rotor element, is applied into the first node of the element, even if it is calculated using the element span. Then, if for simplicity the node of application of the unbalance does not correspond to any node of application of UMP, the structure of the column vector ( , ) t F x is typically: 
If the node of application of the unbalance coincides with an application node of the UMP, then superposition of the two effects is used.
The non-linear system of equations in eq. (34) is integrated using the Newmark implicit method, in which the forcing vector of eq. (36) is recalculated at each time step: the UMP forces are calculated using eqs. (31) and (32) considering the air-gap distribution due to the vibration at the previous time step. Actually, Newmark method would require that the UMP forces where those of the current time step, but they can be calculated only for the air-gap length distribution at the previous time step. Anyhow (31) and (32) for the UMP part.
The initial acceleration vector is calculated by:
( )
3. Starting from the first time step, in a general time step i-th, the new force vector 1 ( , )
calculated and the generalized displacements, accelerations and velocities are equal to:
The constants a and b of the Newmark method are assumed respectively equal to 0.25 and 0.5, which is equivalent to the "trapezium rule" and assures that the implicit integration is unconditionally stable, without 
NUMERICAL RESULTS
The methods presented in the previous chapters have been applied to the considered model of the generator.
Only the central part of the generator, that corresponding to the slotted part, namely elements 16, 17, 18 and 19, is relevant for the calculation of the UMP forces ( figure 7 ). The diameter of these elements is 1024 mm.
The nominal air-gap length is generally 60 mm for generators of this size. In order to carry on with the simulation, it is necessary to calculate a first approximation value for 1 M , neglecting the effect of the slots, the iron core reluctance and the voltage fall. Starting from eq. (22) Once again, it should also be considered that in these machines, due to the presence of the anisotropy of the oil-film bearings, the centreline position is affected significantly by the geometry of the oil-film inside the bearing. Even without considering any other external forcing system, except oil-film forces and the weight, the journal assumes an attitude angle and is eccentric with respect to the bearing case. Since, for simplicity, For the sake of brevity the orbits of only some nodes of the generator are shown. In particular, the orbits of the nodes corresponding to the bearings are considered to be more significant, since on the real machines vibration measuring planes usually corresponds to the bearing positions ( figure 8 ). Moreover also the orbit of a node in the slotted part (node 18) of the rotor is shown in Figure 9 . Note that the vibrations, and the orbits too, are referred to the centreline of the shaft, i.e. they do not consider the offset.
The orbits, shown in Figure 8 and Figure 9 , are rather elliptical in the generator bearings, while are practically circular in the middle part of the generator. Moreover they are not fixed in the space but evolve around a limit cycle, which is practically an attractor. A superficial analysis of the orbits could suggest that horizontal and vertical vibrations have only synchronous harmonic component in their spectra, but this opinion should be corrected once vibration spectra are considered.
The spectra in Figure 10 and Figure 11 , namely those of the vibrations in the bearings and in the middle of the generator slotted part, show the synchronous component (50 Hz) as the main one and also the presence of a 2X component at 100 Hz. Anyhow, 2X harmonic component is very small with respect to 1X component, and this confirms the observation made in the previous chapter about the mode at 100 Hz.
However also a super-synchronous component at 71. 6 Hz is evident and a rich sub-harmonic spectrum is present with the higher component at 21.6 Hz, which is greater than the 2X component. The last fact indicates high energetic content in sub-synchronous vibration that explains the dynamical behaviour of the system around the attractor shown in Figure 8 and Figure 9 . Moreover, the presence of sub-and super-synchronous components, which are not integer multiple of the rotating speed, indicates the non-linearities introduced in the system behaviour by the UMP.
The presence of non-linearites is confirmed also by the analysis of the UMP spectra, shown in figure   12 - figure 15 . Besides the presence of 1X and 2X harmonic components, the super-harmonic component at 71.6 Hz is more evident than in the vibration spectra. In regards to the sub-harmonic components, once again the spectra are very rich and two components are more evident: the highest at 21.6 Hz and a secondary one at 28.6 Hz.
Note that traditional models dealing with UMP in generators, like [20] [21], do not allow emphasizing the presence of 1X force component, nor the presence of non-linearity. Table 2 shows the magnitude of UMP forces. It is interesting to note that the total of the not-rotating pull force is about 33431 N that can be compared with the weight of the generator equal to 519781 N. The not-rotating pull force determines that the rotor orbits are moved with respect to the rotor centreline.
The other harmonic components can be compared with the unbalance, which is 98596 N. Moreover, the sub-synchronous component at 21. Figure 16 shows the orbit in bearing #1 that can be compared with figure 8. Also in this case the vibrations are referred to the centreline. The orbit shape is comparable even if the amplitude is little minor (due to the fact that UMP introduces an additional 1X force to the unbalance), but in this case the orbits are rather precisely superposed. The comparison between the 1X filtered orbits of the two cases is shown in Table 3 for node of bearing #1. Not-rotating force (1) [N]
Not-rotating resultant (1) [N] Moreover, the centre of the orbit corresponds to the centreline, contrary to the previous case, since not-rotating components of the magnetic pull force are not present. The absence of non-linearities in this case is confirmed by the vibration spectrum, shown in figure 17 for the same bearing. The synchronous component is the only one evident and no sub-or super-synchronous are present. Similar results are obtained for the other generator nodes.
CONCLUSIONS
The phenomenon of the Unbalanced Magnetic Pull represents one of the most interesting cases in the electrical power generation machines, as they require a modelling both from the mechanical and electric point of view. In the present paper, a rather sophisticated model is introduced to calculate the magnetic pull in generators, which starts from the exact determination of the distribution of the air-gap, and then defines, by means of Maxwell stress calculation, the constant and dynamic forces that are caused by the asymmetric distribution of the air-gap. An application is introduced on a smooth generator of 320 MVA turbo-generator, operating at 3000 rpm, whose dynamic behaviour is simulated in the time domain. The results show that the magnetic pull in generators, besides the not rotating component, has 2X harmonic component, as can also be obtained by simplified models. Moreover, contrary to the simplified models, this method also displays a synchronous harmonic component and sub-and super-synchronous components, which indicate the non-linearity of this kind of excitation in the dynamic behaviour of the rotor. 
